ON THE RATIONAL HOMOTOPY TYPE OF A MODULI SPACE OF 
VECTOR BUNDLES OVER A CURVE 

INDRANIL BISWAS AND VICENTE MUNOZ 



Abstract. We study the rational homotopy of the moduli space Nx of stable vector 
bundles of rank two and fixed determinant of odd degree over a compact connected 
Riemann surface X of genus g, with g > 2. The symplectic group Aut(ifi(X, Z)) = 
Sp(2g, 1) has a natural action on the rational homotopy groups 7r„(A/x)®zQ- We 
prove that this action extends to an action of Sp(2g, C) on 7r n (A/x)<8>zC. We also show 
that 7rn(A/x)<8)zC is a non-trivial representation of Sp(2g, C) = Aut(Hi(X, C)) for all 
n > 2g — 1. In particular, Afx is a rationally hyperbolic space. In the special case where 
g = 2, for each n £ N, we compute the leading Sp(2<?, C)-representation occurring in 
7r„(A6f) Z C. 



1. Introduction 

Moduli spaces of vector bundles over curves have been studied from various points of 
view. The aim here is to initiate investigations of their rational homotopy groups. 

Let X be an irreducible smooth projective curve, defined over C, of genus g, with 
g > 2. Fix a holomorphic line bundle Lq over X of degree one, and consider the moduli 
space Afx of stable vector bundles E — > X of rank two with f\ 2 E = L . This moduli 
space Afx is an irreducible smooth complex projective variety of complex dimension 
3^-3 (see US]). 

The mapping class group of X acts in a natural way on the cohomology algebra 
H*(Afx, Q) of (Afx- This action actually factors through an action of the symplectic 
group Aut(ifi(X, Z)) = Sp(2g,Z), which is a quotient of the mapping class group. 
Moreover, the descended action of Sp(2g,Z) on H*(Afx,Q) extends to an action of 
Aut(Fi(X, C)) = Sp(2#, C) on H*(Af x , C). On the other hand, using the fact that Af x 
is simply connected, the mapping class group acts naturally on the homotopy groups 
7r*(Afx)- Therefore, the mapping class group acts on 7r*(A/x)®zQ- 

Fix a symplectic basis of Hi(X,1f). Using this basis Aut(Hi(X, Z)) (respectively, 
Aut(Hi(X, C))) gets identified with Sp(2g,Z) (respectively, Sp(2g,C)). 

Our first main result is the following (see Theorem 15. 2j) : 
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Theorem 1.1. The action of the mapping class group on the rational homotopy groups 
tt*(A/a-)(8>zQ factors through an action of the symplectic group Sp(2g, Z). This descended 
action of Sp(2g,Z) extends to an action 0/ Sp(2g, C) on ir+(Mx) ®zC. 

We shall prove this theorem in Section [5] using the formality of Mx and endowing the 
minimal model of Mx with an action of Sp(2g,C). 

In Sections [6] and we study the Sp(2g, C)-representations 7r n (A/x)®zC. In the 
special case of g = 2, we compute the leading representation for each n > 2 (Theorem 

ED- 

In the general case where g > 2, we find some non-trivial irreducible Sp(2g, C)- 
representations contained in ir n (Mx) ®zC for each n>2g (see Theorem 16.31 for the case 
of g = 2 and Theorem 17.11 for g > 2). We have the following result. 

Theorem 1.2. Take any integer n with n > 2g. The Sp(2g, C) -module 7r n (Mx) ®z C is 
non-trivial. So the action of Sp(2g, Z) on the rational homotopy groups ir n (Mx) ®i Q 
is non-trivial, and the action of the mapping class group on 7T n (Mx) is non-trivial. 

A connected simply connected finite CW-complex Z (e.g. a compact 1-connected 
manifold) is said to be rationally elliptic if the total dimension of the rational homotopy 
groups is finite, or in other words, 

^dim?r n (Z) <g> z <Q> < 00. 

nGN 

Otherwise, Z is called rationally hyperbolic (see [B]). If Z is rationally elliptic of di- 
mension N, then n n (Z) Cg>^ Q = for all n > 2N (equivalently, 7r n (Z) are torsion for 
n > 2N). On the other hand, if Z is rationally hyperbolic of dimension N, then 

N-l 

1=1 

grows faster than any polynomial in k. This dichotomy is discussed in [6]. 
A byproduct of Theorem 11.21 is the following corollary. 

Corollary 1.3. The moduli space Mx is rationally hyperbolic for all g > 2. □ 

2. The moduli space Mx 

Let X be an irreducible smooth complex projective curve of genus g > 2. Fix a 
holomorphic line bundle L over X of degree one. Let Mx denote the moduli space of 
stable vector bundles over X of rank two and det(i?) = /\ 2 E = Lq. This moduli space 
Mx is a n irreducible smooth complex projective variety of complex dimension 3g — 3 (see 
[T9]). In particular, it is a compact connected C°° (real) manifold of dimension 6g — 6. 
The complex structure of X endows Mx with a natural Kahler structure pp. 
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If we take any holomorphic line bundle L\ over X of odd degree 2d + 1, then there 
is a holomorphic line bundle \i over X of degree d such that L 1 = L <g> p? . Therefore, 
the map defined by E i — > E ® p is an algebraic isomorphism from Mx to the moduli 
space of stable vector bundles of rank two over X with determinant L\. In particular, 
the isomorphism class of the variety Mx is independent of the choice of the line bundle 
Lq. 

The diffeomorphism class of the real manifold Mx is independent of the complex 
structure of X. This can be seen as follows. Fix a point Xq G X, and set X' = X \ {x^} 
to be the complement. Choosing a point x' G X', consider the subset 

Hom (7n(X',x') ,SU(2)) C HormVipf', a;') , SU(2)) 

parametrizing all homomorphisms from the fundamental group tti(X',x') to SU(2) sat- 
isfying the condition that the image of the conjugacy class in tci(X',x') corresponding 
to the free homotopy class of oriented loops in X' around xq (with anticlockwise orien- 
tation) is —Id. Let 

(2.1) n g : = Hom (vr 1 (X / ,x / ),SU(2))/SU(2) 

be the quotient space for the adjoint action of SU(2) on itself. It is easy to see that 1Z 9 
is a connected compact C°° manifold of dimension 6g — 6 (see [IS]). Given any homo- 
morphism p G Hom°(7r 1 (X / , x 1 ), SU(2)), the corresponding flat vector bundle over the 
Riemann surface X' extends to X as a holomorphic vector bundle with a logarithmic 
connection which has residue — |Id at Xq (see jl]). The underlying holomorphic vector 
bundle E p on X is stable and det(E p ) = Ox(x ). Sending any p to E p we obtain a dif- 
feomorphism of TZg with Mx for L = Ox{xo) (cf- [H])- Therefore, the diffeomorphism 
class of the real manifold Mx is independent of the complex structure of X (it depends 
only on the genus of X). 

It is easy to see that the manifold 1Z g in eqn. (12. ip is simply connected [161 Corollary 
2]. By [U Theorem 9.10], the cohomology ring H*(Mx,%) is torsionfree, and by [TJ 
Proposition 9.13], we have H 2 (Mx, Z) = Z. Consequently, the variety Mx has a natural 
polarization. Henceforth, we shall denote by a the natural positive (i.e., ample) generator 
of H 2 (M X , Z). 

Next we will describe an action of the mapping class group on the cohomology of Mx ■ 
For that purpose, consider the moduli space Ml g parametrizing all isomorphism classes 
of one-pointed compact Riemann surfaces (Y,y) of genus g with Aut(Y,y) = e (i.e., Y 
does not have any nontrivial automorphism that fixes the marked point y G Y). This 
moduli space is a smooth irreducible quasiprojective variety of dimension 3g — 2 defined 
over the field C. Given any (Y, y), there is a natural choice of a holomorphic line bundle 
of degree one over Y, namely Oy(y)- There is a universal family of Riemann surfaces 



(2.2) 



4 



I. BISWAS AND V. MUNOZ 



and a holomorphic section h : Ai g — > C g giving the marked point. Let 
(2.3) P : M — > M] 

be the family of moduli spaces of stable vector bundles of rank two with fixed determi- 
nant corresponding to the family of Riemann surfaces in eqn. (|2.2p . For any one-pointed 
Riemann surface x = (Y, y) G -M-l, the fiber P~ l (x) is the moduli space My parametriz- 
ing all stable vector bundles over Y of rank two and determinant Oy{v). 

Fix a base point x = (X , x ) G M. g of the moduli space. Let G% (respectively, 
Gc) denote the group of all automorphisms of H l (X, Z) (respectively, H X {X, C)) pre- 
serving the symplectic pairing given by the cup product. Choosing a symplectic basis 
of H l {X, Z), the groups G% and Gc get identified with Sp(2g,Z) and Sp(2g,C) respec- 
tively. 

Convention. In the sequel, we will interchange G% (respectively, Gc) an d Sp(2g, Z) 
(respectively, Sp(2g,C)). 

Consider the local system R 1 p if r L on M 1 , where p is the projection in eqn. (12.21) . and 
Z is the constant local system on C g with stalk Z. Using its monodromy, the group G% 
is a quotient of the fundamental group 

Y\ := 7n(Mj,£o). 

This group T g is known as the mapping class group, and the kernel of the projection of 
to Gz is known as the Torelli group. 

Actually, the mapping class group has a natural action on the moduli space Mx — 
^ J_1 (So)- To see this action, note that using the earlier mentioned identification Mx — 
TZ g (defined in eqn. (12.11) ). the fiber bundle P in eqn. (12. 3p has a natural flat connection 
(this flat connection is not holomorphic). The monodromy of this flat connection gives 
an action of Y l g = ^(.M*, x ) on J\f X ] more details can be found in [2]. 

The action of T g on H l (J\fx, Z) induced by the above action of T g on Afx evidently 
coincides with the monodromy representation of the local system W-P^Z on M. l g , where 
Z is the constant local system on M with stalk Z. 

Proposition 2.1. The action of the mapping class group on the cohomology algebra 
H*{Mxi Q) factors through an action of the symplectic group Gz = Sp(2g,Z). More- 
over, this action of Sp(2g,Z) on H l (J\fx,Q) extends to an action of Gc = Sp(2g,C) on 
H\HxX)- 

Proof. The cohomology algebra H*(J\fx, Q) is generated by the Kiinneth components of 
the second Chern class of the adjoint bundle of a universal vector bundle over X x Mx 
(see [TH [TJ and also Section [3]) . Note that although there is no unique universal bundle 
over X x Mx, any two universal bundles differ by tensoring with a line bundle pulled 
back from Mx- Therefore, the universal adjoint bundle is unique. Consequently, the 
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local system © i>0 R Z P*C on M. l g) where C is the constant local system on Af with stalk 
C, is a quotient of some local system on M. 1 of the form 

w : = 0((0^*£) e T 6 '> 

3=1 i=0 

where £, aj, bj G N, the map p is the projection in eqn. (12.21) and C is the constant local 
system on C g with stalk C. In other words, we have a surjective homomorphism of local 

systems 



[2 A) W — ► R l P,C — ► 



i>0 



Both R°p*<C and R 2 p*C are constant local systems on Mg, and the monodromy of the 
local system R 1 p*C , by definition, factors through G%. Consequently, the monodromy 
representation 

(2.5) V] — > Aut(W, ) 

of the mapping class group for the local system W on M. l g factors through G%. Hence, 
the Torelli group is in the kernel of the monodromy representation 

(2.6) Y\ — \\K^{[KP^ X J 

i>0 

of the mapping class group for the quotient local system in eqn. (12 Ah . Therefore, the 
homomorphism in eqn. (\2.G\\ factors through the quotient G% of Y x g . 

To prove that the action of Sp(2g,Z) on H l (Af x ,Q) extends to an action of Gc = 
Sp(2g,C) on H l (N'x, < C), first note that the monodromy representation 

G z — > Aut(W^) 

in eqn. (I2.5P extends to a homomorphism from Sp(2g,C). The kernel of the surjective 
homomorphism 

(2-7) W. — 0(^P*C) 2o 

i>0 

obtained from eqn. (12 .4p is preserved by G%. On the other hand, Sp(2t7, Z) is Zariski 
dense in Sp(2g,C) (see [3j). Hence the kernel of the homomorphism in eqn. (12. 7p is 
preserved by the action of Sp(2g,C) on W4 . Consequently, the action of Sp(2g,C) on 
Wx induces an action of Sp(2g,C) on the quotient in eqn. (12.71) . This completes the 
proof of the proposition. □ 
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3. COHOMOLOGY RING OF Afx 

Let us recall the known description of the cohomology ring H*(Afx, Q) of the moduli 
space Af x (see [HI [201 EH])- Consider a universal bundle U — > X x Afx ■ Let End (W) — > 
X x A/x be the adjoint vector bundle (we recall that End (W) C End(W) is subbundle 
of rank three given by the trace-free endomorphisms of the fibers of U) . The Kiinneth 
decomposition of the second Chern class C2(Endo(W)) G H 4 (X x A/x,Z) can be written 
as 

(3.1) c 2 (End (W)) = 2[X]®a + 4^-l®/3, 

where (3 G H 4 (Afx,Z), [X] G iJ 2 (X, Z) denotes the fundamental class of the Riemann 
surface X, a G H 2 (Afx,%>) as before is the positive generator of H 2 (Afx,Z>) = Z, and 
if G H l (X, Z) ® z H 3 (Afx, Z). Let {ci, . . . , c 29 } be a symplectic basis of ^{X, Z), which 
means that q U Cj +S = [X] for all 1 < i < g, and Cj U = for all j, with \j — k\ ^ g. 
It is known that if = Y^h=i c « ®7*> where {71, . . . , 723} is a basis for H 3 (Afx, Z); see [T2] . 
In other words, ■?/> gives an isomorphism 

(3.2) H\X,Z) = H l (X,1)* — ► H 3 (Af,Z). 

The elements a, (3 and 7,, 1 < i < 2g, together generate H*(Afx,Q) as an algebra 
[HJ [U [21]. We can rephrase this as saying that there exists an epimorphism 

(3.3) F : /\(a, 71, ... , 72 9 , P) := Q[a, /?] ® A( 7 i, . . . , 72 9 ) -» #*(A/jr, Q), 

where deg(a) = 2, deg(/3) = 4 and deg(7i) = 3, 1 < i < 2g. Here /\ means the 
free graded algebra generated by the given elements, which is the tensor product of the 
symmetric algebra on the even degree elements and the exterior algebra on the odd 
degree elements. 

We shall denote by W the standard Q-representation of G% = Sp(2g, Z), so 

H l {X, Q) = W. 

We noted in Section [2] that the monodromy action of on H*(Afx, Q) factors through 
an action of Sp(2g, Z). It is easy to see that this action fixes both a and (3, and further- 
more, the isomorphism in eqn. (13.21) is Sp(2g, Z)-equivariant. Therefore, 

H 3 (Af x ,Q) = H\X,Q)* = W* ^ W 
as Sp(2g, Z)-representations. 
Let 

H*(Af x ,®) C H*(Af x ,Q) 

be the subalgebra fixed pointwise by the action of Sp(2g,Z). The epimorphism in eqn. 
(13. 3p is Sp(2g, Z)-equivariant, and Sp(2g,Z) is Zariski dense in the reductive group 
Sp(2<7, C) [3]. Using these we conclude that the invariant part Hj(Afx, Q) is generated by 



RATIONAL HOMOTOPY TYPE OF A MODULI SPACE 7 

a, j3 and 7 = — 2 Yli=i lili+g (the factor of —2 is for convenience, to be in accordance with 
the existing literature). Then the epimorphism F in eqn. (13. 3p gives an epimorphism 

(3.4) Q[a,/3, 7 ] -» H*(Af x ,Q), 

where deg(a) = 2, deg(/3) = 4 and deg(7) = 6. Hence we may write 

(3.5) FJIAf.Q)^, 

where I g is an ideal of relations satisfied by a, (3 and 7. 

For each < k < g, the primitive component of A k W is defined as 

A k W = ker(7 9 - fc+1 : A k W — ► A 2g ' k+2 W). 

The spaces AqW are irreducible Sp(2g, Z)-representations. 

The descriptions of the ideal I g and the cohomology ring H*(Afx, Q) are given in the 
following proposition. 

Proposition 3.1 ([HIED])- Define q^ = 1, q 2 = 0, q$ = and then recursively, for all 
r > 1, 

ql +l = aql + r 2 q 2 , 
ql +l = iq l r ■ 

Then I g = (ql,q 2 g ,q 3 g ) C Q[a,/3,j], for all g > 1. iVote t/iat deg(gj) = 2<? ; deg(g|) = 
2g + 2 and deg(g^) = 2g + 4. Moreover the Sp(2g, Z) -decomposition of H*(J\fx, Q) is 

(3.6) ff%,Q) = 0A o ^®^!. □ 

fc=0 9 ~ k 

Lemma 3.2. The vector space 

E = (q)) © (q 2 g ) © • © ( g J_ 2 • A^) © • • • © (g} • A{f V) © , 

realized as a subspace of A := /\(a, 71, ... , 723, /5) = <Q[a , 0\ © A (71, . . . , 72c,) using the 
identification W = (71, . . . , 72 S ), generates the ideal kernel (F) of the map F in eqn. 

Proof. Clearly we have i£ C kernel (F). We will prove the reverse inclusion 

kernel(F) C 1(E), 

where 1(E) is the ideal generated by E in A. 

By Proposition EH1 kernel(F) is generated by q g _ k -AQW , where i G [1, 3] and k G [0, g}. 
Note that since q 2 = and q% = 0, it suffices to prove the following two: 

(1) q 2 _ k ■ AqW C 1(E) for 1 < k < g - 1, and 

(2) . c i(e) for < jfc < g - 1. 
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We shall use the following inclusions: 

(3.7) 7 -A^C/(A J + V), 0<j<g-l, 

(3.8) Ai +1 W C I(AiW), 0<j<g-l. 

For proving eqn. (J3TTJ) , first note that A^W is an irreducible Sp(2g, Z)-representation, 
so it is enough to see that there is a non-zero element in 7 ■ A^W which lies in I(A J +1 W). 
Consider 71 • • - 7, G A J W. Then 

9 

7 . 7l . . . lj = -2 7i • • • 7i7i+i7i+i+ 3 , 

and 71 ■ • ■ 7^+1 G A^ +1 WA Therefore 7 • 71 • - • 7^ G /(A^ +:1 W), as required. 

To prove eqn. (EES]) , we first note that A£ +1 W is an irreducible Sp(2g, Z)-representation 
and 7i---7 J+ i G A;j +1 WA Clearly we have 71 •••7$ G AjjW. Hence it follows that 
71 • • • 7j7j+i G /(AqW 7 ). This gives the required inclusion. 

Using eqn. (13.71) . we have that 

qU ■ A k W = gj_ fc _ l7 • A k W C /(gj^i ' A^) C /(E) 
for all < < g — 1. Also, using eqn. (13. 8j) we have 

^- fc -A^W = j^—^ {q)_ k+1 - aq x g _ k ) ■ A k Q W 

C /(gj_ fc+1 • A*~ X W © q]_ k ■ A k W) C 1(E) , 
for all 1 < k < g - 1. □ 

Remark 3.3. The subspace E in Lemma 13.21 is minimal in the sense that no proper 
subspace of E generates kernel(F). 

4. Minimal models 

Let us recall some definitions and results about minimal models (see [5J [8] for more 
details). Let (A, d) be a differential graded algebra (in the sequel, we shall just say a 
differential algebra). This means that A is a graded (in non-negative degrees) commu- 
tative algebra over a field K, of characteristic zero, and d: A n — > A n+1 is a differential 
which satisfies the derivation condition which says that 

d(a ■ b) = (da) ■ b + (-l) dcg(a) a • (db) , 

where deg(a) is the degree of a. Throughout this article we shall assume that K = C, 
the field of complex numbers. 

Morphisms between differential algebras are required to be degree preserving algebra 
maps that commute with the differentials. Given a differential algebra (A, d), we denote 
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by H*(A,d) its cohomology. We say that A is connected if H°(A,d) = C, and 1- 
connected if, in addition, iJ 1 (y4,<i) = 0. 

A differential algebra (A, d) is said to be minimal if the following two hold: 

(i) A is free as a graded algebra, that is, A = /\ V, where V = (B^qV 1 is a graded 
vector space, and 

(ii) there exists a collection of generators {a T } Te i of the algebra A, where / is some 
well ordered index set, such that deg(a M ) < deg(a r ) if /x < r and each da T is 
expressed in terms of preceding a M , // < r. 

As before, f\ V is the tensor product of the symmetric algebra on the even degree part 
of V with the exterior algebra on the odd degree part of V 

For notational convenience, we shall use the dot "•" to denote the product operation 
on /\V. 

For any n, define V^ n := Q^V 4 . So /\V^ n = A(0i< n yi ) is the subalgebra 
generated by elements of degrees at most n. For any m, let (/\ V) m denote the subspace 
of f\ V spanned by all elements of total degree m. Finally, for k > 1, let f\~ k V denote 
the ideal formed by elements which are products of at least k generators. In other words, 

/\ + v ■.= (/\v)>° = 0(Avr, 

m>0 

and 

k— times 
a >k ' « + ^ T+ " 

A" = A v - 

Note that the condition (ii) in the definition of minimality implies that d: V — > 

A" 2 V, and hence d: /\W — ► V, for all i > 1. Notations like (A~ V <j ) n have 

natural meaning. 

Given a differential algebra (A,d), we shall say that (/\V,d) is a minimal model of 
(A, d) if (A d) is minimal and there exists a morphism of differential graded algebras 
p: (f\V, d) — ► (A, d) such that the induced homomorphism of cohomologies 

p* : H*{/\V,d) — >H*{A,d) 

is an isomorphism. Such a homomorphism p is called a quasi-isomorphism. Any 1- 
connected differential algebra (A, d) has a minimal model unique up to an isomorphism 

mi- 

A minimal model of a connected different iable manifold M is a minimal model (A V, d) 
for the de Rham complex (Q*(M,C),d) of complex C°° differential forms on M. If M 
is simply connected, then the dual of the complex homotopy vector space 7Tj(M) ®^ C 
is isomorphic to V 1 for any i > (see [8]). 
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A minimal model (/\ V, d) is said to be formal if there is a morphism of differential 
algebras 

V: (/\V,d) — > (H*(/\V,d),0) 

which induces the identity map on cohomology. This means that (f\ V, d) is the minimal 
model of the algebra (H*(/\ V, d), 0) with zero differential. 

We shall say that a connected differentiable manifold M is formal if its minimal model 
is formal, or equivalently, the two differential algebras (Q*(M, C), d) and (H*(M, C) , 0) 
have the same minimal model. Therefore, if M is formal and simply connected, then the 
complex homotopy groups 7Tj(M) ® z C are obtained by computing the minimal model 
of (H*(M,C) ,0). 

The main result of [3] gives the following strong topological restriction on the rational 
homotopy type of Kahler manifolds. 

Theorem 4.1 (|5J). Let M be a compact connected Kahler manifold. Then M is formal. 
□ 

Therefore, the minimal model of a compact connected Kahler manifold M can be 
obtained from the minimal model of its cohomology algebra (H*(M, C) , 0). Moreover, 
if the Kahler manifold M is simply connected, this process will also gives us the complex 
homotopy groups 7Tj(M) ®% C of M. 

We will briefly review a construction of the minimal model of a differential algebra 
(A, d). For simplicity, we shall assume that (A, d) is 1 -connected. We need to find a 
graded vector space V = © n >i^ n , a differential d, with 

>2 

d\ V n: V n — > f\V^ n ~ l \ 

and a graded linear map 

P = ^P„: V = ®V n — > A = ®A n 

such that the induced homomorphism p : f\V — > A respects the differentials, which 
means that p o d = d o p y and furthermore, the map on cohomology 

p* : H*{/\V,d) — ► H*(A,d) 

is an isomorphism. 

We shall construct V n , p n and d\yn, where n > 1, using induction on n. They will 
satisfy the following conditions: 

(i) p n .V n ^A n - 

(ii) d n = d\ vn : V n -^ /\^y<(«-D ; 

(iii) p<(n-i) ° d n = d o p n on V n , where p<( n -i) '■ A V-^ 11 ^ — > A is induced by the 
map pi, i < n — 1 ; 
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(iv) p* <n : H l {/\ V- n , d) — ^ H' l (A,d) is an isomorphism for % <n ; 

(v) p\ n : H n+1 (/\V^ n ,d) ^ H n+ \A,d) is an injection. 

From these conditions it follows that the map p: (f\V,d) — > (A,d), constructed us- 
ing p n on each subspace V n , is a quasi-isomorphism. Given any i, we evidently have 
(/\ V) k = (A V^ i+ ^) k for all k < % + 1. So H\f\ V, d) ^ /P(A V^ i+1 \ d). The compo- 
sition 

(/\V^+V) - (A^) (Ad) 

equals p<(i+i). Hence 

p* = p*< (m) : W{/\V^ - H\[\V^ +1 \d) 

is an isomorphism. This proves that (/\ V, rf) is a minimal model for (A, d). 

To construct V n , p n and d|yn, we start with V 1 = 0. All conditions (i) — (v) hold 
trivially, since H x {A,d) = 0. 

Now assume that conditions (i) — (v) are satisfied for all j G [1 , n — 1] with n — 1 > 1; 
let us see that we can find V n , p n and d n also fulfilling these conditions. Take 

V n = C n ® N n , 

C n = coker (p< (n _ 1} : H n (/\ V^^ld) H n (A, d)^j , 
N n = ker (p< (n _ 1} : H n+1 (/\ V^^, d) — ► H n+1 (A, dfj . 

Define p n : V n — > A n as follows. First, we introduce the notation 

Z n {A,d) = ker{d: A n — > A n+1 ), 
B n {A,d) = im{d: A" 1 ' 1 — > A n ), 

for the spaces of cocycles and coboundaries, respectively. Let %\ : C n — > H n (A,d) 
be a linear map which is a splitting of the projection H n (A,d) -» C n . Also, let 
i 2 : H n (A,d) — ► Z n (A,d) be a splitting of the projection Z n (A,d) -» H n (A,d). Let 
t 3 : Z n (A,d) A™ be the inclusion map. Then define 

To define p n \ N n, let j x : iV n <-* H n+1 (/\ V^ 11 -^, d) be the inclusion. Take a splitting 
j 2 : # n+1 (A^- (n-1) ,d) — ► Z" +1 (A V^™' 1 ), d) of the obvious projection. Thenp< (n _ 1)0 
j 2 °Ji has image in B n+1 (A, d) C Take a splitting of the map d: A n -» B n+1 (A, d), 

say 

q : 5 n+1 (A,d) — ► A™, 

and finally define 

Pn\m = Q° P<(n-1) ° J2 O Ji. 
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Now, define d n as follows. On C n , we set d n \c^ = 0. On N n , we put d n \^n = jsoj 2 oj 1 , 
where 

j 3 : Z n+1 (/\V^ n ~ l \d) ^ (/\v^ n - 1] ) n+1 = (/\~ 2 V^ n -V) n+1 

is the inclusion. Clearly condition (ii) holds. 

To check condition (iii), we need to verify that p<( n -i) ° d n = do p n . On C n , we have 
P<(n-i) ° dn — and do p n = doi z oi 2 oi 1 = On N n , we have 

P<( n _l) od n = P<(n-l) ° J3 ° 32 ° Jl = ^ O O p<( n _!) O J 2 O j! = d O p n 

as d o £ = Id. Therefore, condition (iii) holds. 

Consider the inclusion j : (/\ y-^" 1 ), d) <— >• (/\ l/- n , d) and the cokernel 

B = (f\V^ n )/([\V^ n - l) ). 

Then (B, d) is a graded differential algebra, and B l = for all i < n, and also, 5™ = 
V™ = C n © iV n . We have (/\V^ n ) n+1 = (j\ y<(«-i))"+i as I/ 1 = 0, hence 5 n+1 = 0. 
Therefore, 

j*: ff^y^-^d) — ► H k (/\V^ n ,d) 
is an isomorphism for all k < n. As p< n o j* = jO</ n _^, we have that 

p*< n : H k {/\V^,d) — ► tf fe (A,d) 

is an isomorphism for all < n. 

To deal with the cases where = n, n + 1, consider the long exact sequence associated 
to A V^ n ~V ^ f\V^ n — >B, 
(4.1) 

0^ /f«(/\y<(M 5( |) Jl^ H n (/\V^ n ,d) -> H n (B,d) = B n = C n ® N n 
_^ £r»+i(/\y<(»-i),d) _> H n +\f\V^ n ,d) -> 0. 
For x = M + wG-B n = C™© iV n , we have = [d(u + to)] = [j 3 oj 2 o = Ji{w). 

Therefore the exact sequence eqn. (14. Xp splits into two short exact sequences: 

(4.2) — > \/^ (ri - 1} , d) — ># n (A y- n , d) — > C n — > 
and 

(4.3) — > N n -^-> H n+1 (/\ V^ {n ~ l \d) — > H n+1 (/\ V^ n , d) — ► 

From eqn. (14.21) . we have 

— ► H n (/\V^ n - l \d) — > H n (/\V^ n ,d) — > C n — > 

I p*< n I I 

— > H n (f\V^ n ~ l \d) P --^ l) H n {A,d) — > C n — > 
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We note that the right vertical arrow is the identity map. Indeed, it sends u G C n to the 
class of p n (u) = z 3 2 0iO))) in coker (P<(n-i) : # n (A ^- (n_1) , d) — > H n (A, d)), which is 
u itself. Thus the middle vertical arrow is an isomorphism, proving condition (iv) for 
k = n. 

In eqn. (14.31) . the homomorphism ji is the inclusion of 

N n = ker (><(„_!): H n+ \/\V^) ,d) — H n+1 (A,d)) 

in H n+l {/\ y-^™ -1 ), d). So /»<(„_!) induces an inclusion 

H n+1 (/\V^ {n - l \d)/N n = H n+1 (/\V^ n ,d) # n+1 (,4,d). 

This map actually coincides with p< n , since (/\ V-^' 1 ^)"^ 1 = [f\V- n ) n+l . This proves 
that condition (v) holds. 

Remark 4.2. Note that d: N n — > (A^) n+1 * s always injective, and d\c^ = for all n. 

Remark 4.3. If (A, 0) is a differential algebra with zero differential, then the minimal 
model p: ( /\ V, c/) — > (A, 0) constructed above has the property that p(N n ) = for all 
n. 

5. Minimal models and l7-actions 

Let G be a reductive complex Lie group. An action of the group G on a differential 
algebra (A, d) is a representation r : G — ► GL(v4) such that 

• r(z)(A n ) = A n for all n > and z G G, 

• r(z)(ui • U2) = r(z)(vi) ■ r(^)(t> 2 ) for all t>i,t>2 G A, and 

• r(z)(dv) = d(r(z)(v)) for all z G C7 and u G A. 

If G acts on (A, d), then we say that (A, d) is a G -differential algebra. 

A G-minimal differential algebra is a minimal differential algebra (/\ V, d) on which 
G acts satisfying the condition that each graded vector space V n , n > 0, is preserved by 
the action of G. A G-minimal model of a G-differential algebra (A, d) is a G-minimal 
differential algebra (/\ V, d) such that there is a G-equivariant map 

p: (/\V,d) — (A,d) 

which is a quasi-isomorphism. 

Note that a G-minimal model is in particular a minimal model. 

Proposition 5.1. Let (A,d) be a 1 -connected G -differential algebra. Then there exists 
a G-minimal model (/\ V, d) of (A, d) . 
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Proof. The construction of a minimal model in Section H] works in the context of G— 
differential algebras. All we need is to substitute the vector spaces V n in the construction 
by G-representations. We note that the reductivity of the group G ensures that any 
short exact sequence of G-modules splits. □ 

Let (X ,Xq) be a one-pointed compact connected Riemann surface of genus g > 2, 
and, as in Section let Mx be the moduli space of stable vector bundles over X of 
rank two and fixed determinant Ox{xo)- Then the mapping class group acts on the 
cohomology ring H*(Mx,Q>), with the action factoring through an action of Sp(2g,Z); 
moreover, this action extends to an action of Sp(2g, C) on H*(Mx, C) (Proposition 12. ip . 
We will now show that a similar result holds for the rational homotopy groups. 

Theorem 5.2. The mapping class group acts on the homotopy groups ff*(Mx)- The 
induced action on the rational homotopy groups 7r*(A/x) ®z Q factors through an action 
of the symplectic group Sp(2g, Z). This action extends uniquely to an action ofSp(2g, C) 
on ir*{Nx) ®z C. 

Let (/\V,d) be the Sp(2g, C) -minimal model, provided by Proposition \5.1\ for the 
1-connected Sp(2g, C) -differential algebra (H*(Mx, C) , 0). Then 

v n = MNx)®zCy 

as Sp(2p, C) -modules. 

Proof. First note that the formality of Mx (Theorem 14. lj) means that (/\ V , d) is also 
the minimal model of Mx- 

Now, let rj G T^, where is the mapping class group of (X , x ). As we noted prior to 
Proposition I2.1[ the element r\ acts on Mx by a diffeomorphism f v : Mx — > Mx- Hence 
we have an action on the free homotopy groups of Mx- As Mx is simply connected, the 
free homotopy groups of Mx coincide with the homotopy groups of Mx- So we have an 
induced map 

p(r]) : n*(M x ) — ► n*(Mx). 
The diffeomorphism f v induces a map on differential forms, 

(5.1) f; : (n*(M x ,c),d) — > (n*(Mx,Q,d), 

which lifts to a map on the minimal model 

(5.2) 7;-. (/\V,d) — (/\V,d). 

Such a lift is not unique; it is only unique up to homotopy of maps of differential algebras 
[5]. However, the induced map on the indecomposables, 

A V AV 
(5-3) frV=-£b—>V = -£ r - 



/\-v A v 
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is unique [T5l Proposition 2.12], and moreover, it coincides with the dual of the map 

p(7]) <g> C : n*{N x ) ® z C — ► n*(Afx) ®z C , 

under the isomorphism of vector spaces V n = (7r n (A/x) ®tl C)* (see [3 page 259]). 
Let 

(5.4) vr : T] — Aut^^Z)) = Sp(2(7,Z) 

be the natural projection of the mapping class group onto the symplectic group. Then 
the automorphism of cohomology 

%: H*(Af x ,C) — H*(Af x ,C) 

induced by /* in eqn. (15. ip coincides with the action of 7r(rj) on the cohomology, where 
7r is the above projection. The map /* in eqn. (15.21) evidently induces the above 
automorphism / . 

The minimal model (/\ V, d) has an action of Sp(2g, Z). Indeed, by Proposition ^. 1[ the 
group Sp(2g, C) acts on ( f\ V, d) and this restricts to an action of Sp(2g, Z) C Sp(2g, C). 
The homomorphism / is induced by the action of 71(77) on (f\V,d), where 7r is the 
projection in eqn. (15 .4p . Therefore the map 

f*:V n — ► V n 

defined in eqn. (15. 3p coincides with the action of 77(77) on V n . Hence, under the isomor- 
phism V n = (7r n (A/x) ®z C)*, the actions of 77(77) an d (p(v) ® C)* coincide. 

If 77 G belongs to the Torelli group, then p(rj) ® C must be the identity map of 
7Tn(Ax) ®z C, and hence p{rj) ® Q = Id on ir n (J\f x ) ®z Q- This proves that the action 
of the mapping class group on 7r*(A0e) ®z Q factors through an action of Sp(2g,Z). 
Moreover, this action coincides with the restriction of the Sp(2g, C)-action on V n to the 
subgroup Sp(2<7,Z) C Sp(2g,C) under the isomorphism {ir n {N x ) ®z C)* = V n . So the 
action of Sp(2g,Z) on ir*(Af x ) ®z C extends to an action of Sp(2g,C). Since Sp(2g,Z) 
is Zariski dense in Sp(2g,C) [3J, the extension is unique. This completes the proof of 
the theorem. □ 

Let G = Sp(2#, C), and let (A V, d) be the G-minimal model of (H*(J\f x , C), 0). Then 
we may decompose V n into irreducible G-representations. Let {TijigA be a complete 
set of irreducible G-representations, where A parametrizes the isomorphism classes of 
irreducible G-representations. So 

for some set of integers a i)U > 0. 
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6. The minimal model of Mx for g = 2 

In this section we will assume that X is a compact connected Riemann surface of 
genus two. In this case, the moduli space Mx, whose dimension is now three, can be 
described explicitly (TTJ [13] • It turns out to be isomorphic to the intersection of two 
quadrics in P 5 . 

The integral cohomology ring of Mx has no torsion |X61 Section 10]. Let h e H 2 (Mx, Z) 
be the hyperplane class. Note that, by the Lefschetz hyperplane theorem, H 2 (Mx, Z) = 
i/ 2 (P 5 ,Z) = Z. So h — a, the generator of the ample cone. The intersection of two 
quadrics in P 5 contains many lines P 1 C Mx C P 5 . Let / 6 if 4 (A/x,Z) be the Poincare 
dual of such a line. Then h U I — [Mx], so H 4 (Mx,%) — Z is generated by I. We 
have h 3 = hUhUh = 4[Mx], as the degree of Mx C P 5 is 4. Therefore, we conclude 
that huh = 41. Finally, H 3 (M X ,%) = H\X,Z)*, so H 3 (M X ,%) = W , the standard 
Sp(4, Z)-representation Wo = Z 4 . Moreover, the pairing 

H 3 (M X , Z) ®z H 3 (M X , Z) — > H 6 (M X , Z) = Z 

is perfect (Poincare duality) and Sp(4, Z)-equivariant, so it is equivalent to the standard 
symplectic form on Wq. The conclusion is that 



( H°(Mx,%) 


= (1), 


H\M X ^) 
H 2 (M X ,Z) 

< H 3 (M X ,Z) 
H 4 (Mx,%) 
H*(M X ,Z) 


= o, 


= (h), 


= W , 


= (I), 


= o, 


{ H 6 (M X ,Z) 


= <[A&]> 



This can also be seen by using Proposition 13. 1[ at least for rational coefficients. Since 
Ji = (a, (3, 7) and I2 = (a 2 + /3, a[3 + 7, aj), Proposition 13.11 says that 

H . (Xx , Q) = %M ffi (w « Qla f" ] ) a ffi w , 

I 2 V Ji y (a 4 ) 

where /3 = —a 2 and 7 = a 3 in this ring, and 7^ U jj = • 7j)a 3 , for any 7^, jj G W. 

Note that (3 = —41. Note that W = Wo ®% Q is the standard Q-representation of 
Sp(4,Z). 

Now we pass on to compute the minimal model (/\ V, d) of Mx by computing the 
minimal model of its cohomology algebra H*(Mx,C). This is possible because Mx is 
formal by Theorem 14.11 By Proposition 15.11 (/\ V, d) is a G-minimal model for G = 
Sp(4,C). 

The irreducible representations of Sp(4, C) are labeled by pairs (a, b), a, b > 0, such 
that the corresponding representation T a j, has highest weight aL\ + b(L\ + L 2 ) = (a + 
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b)Li + bL 2 , where L\ and L 2 are the orthogonal generators (with respect to the Killing 
form) of the weight lattice; see Part III, Section 16]. 

The standard representation W c = W ©q C = C 4 of Sp(4, C) is W c = T^ Q , whereas 
the irreducible Sp(4, C)-representation AqW c is r ,i. Some easy cases are dealt with in 



We define a partial order in the set of weights of Sp(4, C) as follows: 



This corresponds to the fact that the weights of the representation T a fe are a subset of 
the convex hull of the weights of T c ^- Otherwise said, (a, b) > means that the highest 
weight (a + b)L\ + bL 2 is a linear combination with non- negative coefficients of the 
positive roots (see [7]). (We point out that this order is defined in [lTJJ, page 47] with the 
difference that in [10], (a, b) > means that {a + b)L\ + bL 2 is a linear combination with 
non-negative integer coefficients of the positive roots. This is equivalent to a + b > 0, 
a + 2b > and a + 2b = (mod 2).) 

In particular, for representations r aii f )1 and r a2i f, 2 , the sub-representations Y c ^ of the 
tensor product T ai ^ ® ^a 2 ,b 2 satisfy the condition 



and furthermore, there is exactly one sub-representation (the Cartan component) satis- 
fying the equality. Note that this says in particular that Y a b C Wf a ® (/\1W c )® b appears 
with multiplicity one. 

We compute the Sp(4, C)-minimal model (f\ V, d) following the mechanism laid out 
in Section H] and Proposition 15.11 

Proposition 6.1. Let (f\V,d) be the minimal model of Mx for a curve X of genus 
g = 2. Then we have, as 5^(4^) -representations, 



V 2 


— To.o 




V 3 


= r 1)0 




V A 


= r 1)0 




V 5 


= r ,i e 




V 6 


= r 2 ,o e 


3r ,i 


V 7 


= r M e 


)r 2 , 



Proof. Abbreviating H*{Mx) for H*(J\f x ,C), we have 
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A 2 r li0 = a 2 w c © c = r ,i © r ,o , 
Sym a r li0 = r a , , 

r ,i © ri,o = w c © a 2 w c = r 1A © ri >0 . 




(c, d) < (ai, 61) + (a 2 , 62) = (0.1 + a 2 , b x + b 2 ) , 



v 2 = c 2 = h 2 {N x ) = (h) = r, 
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Recall that d\c^ = 0, for any n. 

In the next step, we have V 3 = C 3 © iV 3 , with 

C 3 = coker (# 3 (/\ V^ 2 ) = — > # 3 (A/"x)) = H 3 {N X ) = W C ^ F lfi , 
N 3 = ker (H 4 (/\ V^ 2 ) = (h 2 ) — > # 4 (A/"x) = (/i 2 >) = 0. 

For n = 4, we have V 4 = C 4 © N 4 , with 

C 4 = coker (# 4 (/\ V^ 3 ) = (/i 2 > — > H\U x ){h 2 )^ = 0, 

AT 4 = ker (h\/\ V^ 3 ) — > # 5 (A/"x ) = o) = # 5 (/\ V^ 3 ) 

= v 3 -v 2 ^r li0 ©r ,o = rv 

The differential d : iV 4 — > V 3 ■ V 2 C f\ V is an isomorphism. 
We continue with V 5 = C 5 Q) N 5 , where 

= coker (H 5 (/\ V^ 4 ) — > # 5 (A/" X ) = o) = , 
AT 5 = ker (# 6 (/\ V- 4 ) = aV 3 © (/i 3 ) — > if 6 (J\fr) = (/* 3 >) 



aV 3 A 2 r x , = r ,i © r c 



0,0 • 

The differential d : N 5 — > A 2 V 3 © (h 3 ) is an isomorphism of A^ 5 with the kernel of the 
map A 2 V 3 © (h 3 ) — > (h 3 ). This map is the sum of a multiple of the intersection product 
A 2 T/ 3 — > C = (h 3 ) in the first summand, and the identity in the second summand. 

For n = 6, we have V 6 = C 6 (& N 6 . Now 

C 6 = coker (# 6 (/\ V^) -» H\Nx) = (/* 3 >) = , 

since h 3 G H 6 (/\V^ 5 ). Moreover C k = for k > 6 since H k (Af x ) = 0. Also for all 
k > 6, we have N fc = ^- (fe_1) ), since H k+1 {N X ) = 0. Now 

(/\V^ 5 ) 6 = (V 3 ■ V 3 ) © (V 2 • V 2 ■ V 2 ) © (V 4 ■ V 2 ) , 

(/\V^) 7 = (V 4 -V 3 )®(V 3 -V 2 -V 2 )®(V 5 -V 2 ). 

The space of coboundaries is B 7 ([\ V^ 5 ) = d(V 4 ■ V 2 ) = V 3 -V 2 ■ V 2 . The differential 
d maps (V 4 ■ V 3 ) © (V 5 ■ V 2 ) onto A 2 V 3 ■ V 2 © (h 4 ), and it has kernel isomorphic to 
ker{V 4 ■ V 3 — ► (h 4 )). But 

v 4 ■ v 3 = v 4 © v 3 ^ r li0 © r 1)0 = s y m 2 r li0 © A 2 r li0 = r 2i0 © r 0il © r 0i0 . 

So the conclusion is that 

JV « = ^ (AyS5) = |W|)^ r2oeroii 
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and the differential d: N G — > (V 4 ■ V 3 ) © (V 5 ■ V 2 ) is the sum of the two maps d: N 6 = 
r 2 ,o © r ,i — ► V 4 ■ V 3 = r 2 , © r Q)1 © r 0i0 which is injective, and d: N 6 = r 2 , © r ,i — ► 
V 5 ■ V 2 = r ,i © r mapping onto the r 0) i summand. 

The next case is V 7 = C 7 ® N 7 = N 7 . Then 
(/\ V^) 7 = (V 5 ■ V 2 ) © (V 4 ■ V 3 ) © (V 3 ■ V 2 ■ V 2 ), 

(/\ V^ 6 ) 8 = (V 6 ■ V 2 ) © (V 5 ■ V 3 ) © (V 4 ■ V 4 ) © (V 4 ■ V 2 ■ V 2 ) © (V 3 ■ V 3 ■ V 2 ) © (h 4 ). 

The space of coboundaries is B 8 (/\ V- 6 ) = (V 3 ■ V 3 ■ V 2 ) © (h 4 ), from our knowledge of 
d on both V 5 and V 4 . To compute 

= ker (d: {V 6 ■ V 2 ) © (V 5 ■ V 3 ) © (V 4 ■ V 4 ) © (V 4 ■ V 2 ■ V 2 ) — > /\ , 

we look at each summand, 

d: y 5 . v 3 — > A 3 V 3 © V 3 ■ (V 2 ) 3 , 

d-.v 4 -v 2 -v 2 ^v 3 -(v 2 ) 3 , 

d: V 6 • K 2 (V 4 • V 3 • V 2 ) © (V 5 ■ V 2 ■ V 2 ) 
d: V 4 -V 4 ^V 4 -V 3 -V 2 . 

So N 7 = K x ® K 2 , where K x = ker((V 5 ■ V 3 ) © (V 4 ■ V 2 ■ V 2 ) — ► f\V) and K 2 = 
ker{{V G ■ V 2 ) © {V 4 ■ V 4 ) — > /\V). Clearly, K x = ker{V 5 ® V 3 — ► A 3 ^ 3 ), but 

v 5 ©\/ 3 = (r 0il ©r 0i0 )©r li0 = r l5l ©r li0 ©r 1>0 and a 3 v 3 ^v 3 ^ r 1>0 , so ^ = r l5l ©r li0 . 

On the other hand, d maps V 4 -V 4 = Sym 2 V 4 = r 2 .o to the corresponding summand in 
V 4 ■ V 3 ■ V 2 = r 1>0 © r 1>0 = r 2>0 © r ,i © r 0)0 , and d maps V 6 ■ V 2 = r 2>0 © r ,i injectively 

to (v 4 -v 3 -v 2 )®(v 5 -v 2 -v 2 ) = (r 2i0 ffir 0!l ffir 0! o)©(ro,i©ro,o). Thus #2 = r 2i0 . This 

concludes that N 7 = T lt i © r 2 © I\ )Q , and the proof of the proposition is complete. □ 

We may carry on the process as long as we want, but the calculations get more 
involved, since we must keep track of the irreducible summands of /\ V onto which d\y n 
maps for each n. It is easier to find the "leading representation" . We need a preliminary 
result. 

Lemma 6.2. For any Sp(4, C) -irreducible representation a, b > 0, ifT a b C V n , 
then n > n(a, b), where 

n(n h\ = i 2a + 4b+l, ifb>l or (a, 6) = (1,0), 

1 ' ' \ 2a + 2, ifb = anda^ 1. 



Proof. We shall prove this by induction on n. By Proposition I6.1[ the result is true for 
1 < n < 7. So suppose n > 8. Let U C V n be a sub-representation with U = r a6 . 
We want to prove that n(a,b) < n, so we may assume that (a, b) ^ (0,0), (1,0), (0, 1), 
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(1, 1) and (2, 0). As H n (M x ) = 0, we have that C n = 0. So V n = N n , and in particular 
d: V n — > ( /\ V) n+l is injective. Hence 

U = d(U) c d(V n ) c (/\" 2 V) n+l = V ni ---V nr . 

ni + ...+n,.=ri+l, r>2 

The projection of d(U) to some of these summands must be non-zero. Hence there exists 

U> c v m ■ ■ ■ V nr C V ni g> • • • <g> 

for some r > 2, with ni + . . . + n r = n + 1, U' = U = Y a b . Note that all nj < n, because 
n>i > 2, 1 < % < r. Decomposing each V Ui into Sp(4, (C)-irreducible representations, 
there must be (ai, &i), . . . , (a r , b r ) such that 

(6.i) r 0jb c r ai)6l ® • • • ® r arj6r , 

with r a - 5- C y ni . Applying the induction hypothesis it follows that rii > n(aj, 6j) for all 
1 < i < r. We note that eqn. (16. ip implies that (a, b) < (ai, &i) + . . . + (a r , 6 r ), that is 



(6.2) 

If a, b > 1, we have 
(6.3) 



a + b < J2( a i + 

a + 2b< ^(oi + 2^ 



n + 1 = rii + . . . + n r 

> n(ai, &i) + . . . + n(a r , b r ) 

> ELi( 2fl i + 46 i + 1 ) 

> 2a + 46 + r 

> 2a + 46 + 2 
= n(a, 6) + 1, 



using eqn. (16. 2p . So n > n(a, 6) in this case. 

If b = 0, a > 3, then eqn. (16. 3[) proves that n + 1 > n(a, 6). If there is equality, then 
r = 2, rii = n{ai,bj) = 2ai + 4&j + 1 and a = a + 2b = XX a « + 26^), for all i. Since 
a = a + 6 < XX a « + &»)> we § e ^ 5^( a i + 26j) = a < XX a « + M> so 6j = for all i. As 
also rii = w(aj, 0) = 2a { + 1, we have that = 1, rij = 3. But then a = 2 which is a case 
treated before. □ 

Theorem 6.3. Let n > 4. TTie decomposition of V n into a direct sum of irreducible 
$p(4, C) -representations is as follows: 

(i) If n = 2m is even, then 



v n = r w _ 1|Q © n ab r a: 



(a,6)<(m-l,0) 



with n ah > 0. 



RATIONAL HOMOTOPY TYPE OF A MODULI SPACE 21 

(ii) If n = 2m + 1 is odd, then 

V n = r m _ 2il © n ab T a , b 

\(a,b)<(m-2,l) 

with 11^ > 0. 

Proof, (i) Let n = 2m > 4. By Lemma E2J if r ajfe C V n then 2a + 46 + 1 < n = 2m. 
This implies that 

{a,b) <{m- 1,0), 

since a + 26 < m — 1 and a + 6<a + 26<m — 1. So the leading representation in V n 
is r m _x,o- We will show that it actually appears and that its multiplicity is one. 

To see that there is r m _i )0 C V n , we shall prove by induction on m that there is a 
sub-representation U m -\ C V n , U m _i = r m _ 10 , such that d(£/ m _i) C V n ~ 2 ■ V 3 . By 
Proposition 16.11 this is true for m — 2, 3. Assume that it is true for m — 1 > 3 and let 
us prove it for m. So U m _ 2 C V^ 2 " 1 " 2 and d(C/ w _ 2 ) C V 2m " 4 • I/ 3 . Then d: U m „ 2 ■ V 3 — > 
y2m-4 .v 3 -V 3 c/\V. But 

u m -2 ■ v 3 = r m __ 2 ® ri ( Q 

contains a sub-representation £/ m _i C t/ m _ 2 • V 3 such that U m -\ — ^m-i,o- On the other 
hand, 

y2m-i .y3 .y3 = y2m-4 ^ ^3 ^ y2m-4 ^ _ 

Decomposing V 2m ~ i into irreducible representations r Cj d, and noting that (c, d) < (to — 
3, 0) by induction hypothesis, we see that if r ajfe C V 2m ~ 4 ■ V 3 ■ V 3 then T a , b C T Ctd ®T 0A 
for some (c, d) < (to — 3, 0). Thus 

(a, 6) < (c, d) + (0, 1) = (c, d + 1) < (to - 3, 1) < (to - 1, 0). 

As a consequence, r m _ 10 <f_ V 2m ~ A ■ V 3 ■ V 3 , and so d([/ m _i) = 0. This implies that 
U m -i C Z n+1 (/\V,d) = B n+1 (/\V,d), since H n+1 (/\V,d) = 0. There must exist a 
sub-representation V m -\ C {/\V) n with d([/ m _i) = U m -\- As d maps V) n — > 

(A~ (i+1> ^) n+1 ; ^ cannot be C/ m _i C (A" V) n , so the projection of U m -i hyp: (AV) n — ► 
V n is a sub-representation isomorphic to r m _i )0 . (Here we are allowed to substitute V n 
by U m -\ ® r p(U m -i)~ L , where piUm-i) 1 - is a Sp(4, C)-invariant complement of p(C/ m _i) C 
K n ; this yields an isomorphic minimal model and ensures that d(U m -\) C V 2n ~ 2 ■ V 3 ). 

Now let us compute the multiplicity of r m _i o in V n . The argument of the proof 
of Lemma 16.21 implies that the multiplicity of I^-i^ in V n is at most the sum of the 
multiplicities of r m _i j0 in V ni ■ ■ ■ V nr , for the different possibilities n\ + . . . + n r = n+ 1, 
r > 2. Let (a, b) = (m — 1, 0). As in the proof of Lemma 16721 for any sub-representation 
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r m _i,o there are (ai, 61), ... , (a r , 6 r ) such that 



2m + 1 



= n + 1 = ni + . . . + n r 

> n(ax, bi) + . . . + n(a r , b r ) 

> EI=i(2a 4 + 46 4 + l) ' 



(6.4) 



> 2a + 4b + r = 2m - 2 + r. 



In particular r < 3. If r = 3, then rij = n(aj, 6j) = 2a^ + 46j + 1 for all z, and 
a = a + 26 = XX a « + 26^). Since a = a + 6 < XX a « + 6*), we get 6^ = for all i. This 
implies that — 1 and rij = 3. But then a = m — 1 = 3 and 



If r = 2, then 2a + 4b + 1 > £(2^ + 46;) > 2a + 4b. So £( ai + 26*) = a + 26 = a. 
As before, this implies that 6j = for all z. At most one of the Oj's is bigger than 1, 
so we can put (a 1; 6i) — (m — 2,0), (02,62) = (1, 0). This corresponds to the summand 
Tm-2,0 ® Ti,o C V 2m ~ A ■ V 3 . This representation contains r m _i i0 with multiplicity one. 

Since we know that the multiplicity of T m _ lj0 in V n is non-zero, we conclude that it 
is exactly one. 

(ii) Let n = 2m + 1 > 5. By Proposition l6.lt the result holds for m = 2,3, so assume 
that m > 4. 

If r Q) 6 C V n , then by Lemma I6T2"} we have that 2a+46+l <n = 2m + l, so a+26 < m. 
This implies that 



since if 6 > 1 then a + 6<a + 26— 1 < m — 1; and if 6 = then Lemma 16.21 says that 
2a + 2 < n = 2m + 1, soa + 6 = a<m — 1. So the leading representation in V n is 
r m _2,i- We will show that it actually appears with multiplicity one. 

As in the previous case, one can see using induction on m that there is a sub- 
representation C V 2m+1 , with C/ m _! = r m _ 2) i, such that d(£/ m _i) C I/ 2 ™" 1 ■ V 3 . 

To compute the multiplicity of r m _ 2 ,i in V n , let us find the multiplicity of r m _ 2j i in 
V ni ■ ■ ■ V nr , for n\ + . . . + n r — n + 1, r > 2. As n = 2m + 1 = n(m — 2, 1), there must 
be equality in eqn. (16.31) for (a, 6) = (m — 2, 1), which means that r = 2, rti = n{a,i, 6j) = 
2a,j + 46j + 1 and XX a « + 2&«) = a + 26 = m. Since m — 1 = a + 6 < XX a « + we nave 
XX a « + 26j) = m < XX a * + +1 ' so X^« — 1- As l eas t one 6j is zero, say 6 2 = 0. 
Then a 2 = 1, ^2 = 3. Also m — 1 < XX a « + M — a i + 2 and m = ai + 26i + 1, implying 
that (ai, 6) = (m — 3, 1) or (m — 1, 0) and ni = 2ai + 46i + 1 = 2m — 1. By induction 
hypothesis, r m _i j0 <£. V 2m ' 1 , so the second case is ruled out. The multiplicity of T m _ 2i i 
in r m _ 3j i <g> Ti t o C V 2 " 1 ^ 1 ■ V 3 is 1. This proves that the multiplicity of r m _ 2j i in V n is 
one. □ 



r 3 , v 3 ■ v 3 ■ v 3 = a 3 v 3 = a 3 w c ^w c = r lj( 



(a, 6) < (m-2,1) 
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7. Sub-representations in the minimal model of Af x for g > 2 

Suppose now that X is a smooth irreducible projective complex curve of genus g > 2. 
The action of Sp(2g, C) on the cohomology algebra H*(Af x , C) of the moduli space Mx 
gives an action of Sp(2g,C) on the minimal model (f\V,d) of Afx, by Proposition 15.11 
By Theorem 15.21 the action of Sp(2g, C) on the minimal model (/\ V, d) is compatible 
with the action of Sp(2g,C) on the complex homotopy groups ir*(Af x ) ®z C. 

The isomorphism classes of irreducible Sp(2g, (C)-representations are labeled by g- 
tuples (ai,...,a g ) G (Z> ) 9 (see [3, Part III, Section 17]). The representation corre- 
sponding to (ai, . . . , a g ) is denoted by 

r \ai,—,a g ) raiei+ ...+a 9 e 9 ? 

where e^ = (0, . . . , 1, . . . , 0), with 1 in the i-th position and elsewhere. The Sp(2g, C)- 
module r( ai ,...,a g ) is characterized by its highest weight (% + a 2 + . . . + a g )Li + (a 2 + • • • + 
a g )L 2 + . . . + a g L g , where {L\, . . . , L g } is the standard basis for the weight lattice. 

Let W c = C 2g be the standard representation of Sp(2g,C). Then W c = T ei , and 
r efc = AqW c is the complexification of the representation AqW introduced in Section [21 

We shall use two well-known facts: (1) the representation r( olj ... )a ) ®T^i,...,b g ) contains 
F( ai +bi,...,ag+bg) (actually this is the highest weight representation appearing with multi- 
plicity one); and (2) the representation r(fc_2,o,...,o) ® P(o,i, •••,()) does not contain r(fc,o,...,o) 
(this holds because the weight kL\ does not appear in the tensor product), and the 
representation rV fc _2,i,o,...,o) ® r(o,i,o,...,o) does not contain r(fc,i,o,...,o)- 

Theorem 7.1. Let X be a complex smooth projective irreducible curve of genus g > 
2. Let (f\V,d) be the minimal model of the moduli space Mx- Then, as Sp(2g,C)- 
representations, we have 

V 2 = T 0j 
V 3 = T, 



ei ) 
> 

V n = 0, 5 < n < 2g - 2, 



V A = Fr 



V 29 ~ x = r , 

v 29 = r ei , 
v 29+1 = r e2 © r . 

Moreover, for n > 2g + 2, we have the following: 

(i) If n = 2(g + k — 1) with k > 2, then V n contains Tk ei - 

(ii) If n = 2{g + k) + 1 with k > 1, then V n contains Yk ei - 

Proof. Clearly, V 2 = C 2 = (a) r , 

V 3 = C 3 = H 3 (N X ) =w c ^ r ei 



-e 2 ■ 
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and V 4 = C 4 = {(3) T . Now 

f\V^ 4 = /\(«, 7 i,...,72 9 ,/3) = A C! 

where A c = A®<qC is the complexification of the rational vector space defined in Lemma 
13.21 So the natural homomorphism f\V- 4 — > H*{Nx) is surjective. This implies that 
C n = and 

V n = N n = ker (# n+1 (/\ V <n ) — > H n+l (N x )) 

for all n > 4. Since F c : A c — > H*(Mx) is the complexification of the map F in eqn. 
(13. 3p . its kernel, kernel (F c ), has the lowest degree element q 4 , which is of degree 2g. So 
V n = N n = for all 5 < n < 2g - 2. For n = 2g - 1, we have 

V 29 - 1 = ker (# 29 (/\ ^<( 29 - 1 ))) = A 29 — > # n+1 (A/"x)) = (kernel (F c )) 29 = £ T 

with d: V^ 9 " 1 (g*) C A^- 
For n = 2g, we have 

ff 29+1 (Ay- (3rl) ) = H 29+1 ([\V <{29 ~ 4) ) = A 2 C 9+1 , 

since (/\ ^ (29_1) ) 29+1 = A^ +1 © (V" 29-1 ■ V 2 ) and the nonzero elements in l^ 9 " 1 ■ V" 2 are 
not closed. So 

V 29 = (kernel(F c )) 29+1 = q)^ ■ W c = T ei , 

and d: V 29 g^ -F 3 cA^ 
For n = 2g + 1, we have 

(/\^ 29 ) 29+1 = A 29+1 © (I/ 29 " 1 • K 2 ) , 

(/\^ 29 ) 29+2 = A 29+2 © (V 29 " 1 ■ V 3 ) © (V 29 • V 2 ) , 

with d: V 29 ~ 4 -V 3 ^ q 4 g -V 3 and d: V^ 29 • V 2 a gj^ • l^ 3 . But a g^ and g* are 
linearly independent, so we have 

Jj2g+2 r A ^ = ^(A^*) = A 29 ^ 

This gives 

V 29+1 = ker (A 29+2 /(o^> — H 29+2 {N X )) = (g 2 ) © gj_ 2 • A 2 W C = T © T e2 , 

which follows easily using Lemma 13.21 Note that the differential d maps the summand 
T e2 to q\_ 2 ■ N 2 V\ 

We now proceed to prove the second part of the theorem. 

Proof of (i): Let us prove by induction on k > 1 that there exists a sub-representation 
U k C V 29+2k - 2 with U k S r feei such that d(U k ) c • V 3 C \/ 29+2/c ~ 4 • V 3 , where 
C/ := (£_!> C V 29 - 2 . 
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If k = 1, then 

yn = y2g = 

with d: V 29 — ► ql_ x ■ V 3 C /\V. 

Now assume that there exists a sub-representation U k -i C y 2 9+ 2fc ~ 4 with C4_i = 
r (fe _i )ei such that d^-i) C U k _ 2 • V 3 C V 29+2k - 6 ■ V 3 . Then we have 

d(U k _fV 3 ) c fwv 3 - v 3 . 

On one hand, 

U k -l ■ V 3 = U k -1 © C y 2 f+2fe-4 g, y3 ^ 

© v 3 = r (fc _ 1)ei © r ei ; 

so there exists £7* C C4_i ■ V 3 with [/& = T^ei such that U k C £4_i • V 3 . On the other 
hand, 

£4-2 • • v 3 c u k -. 2 © a 2 v 3 = r (fc _ 2)ei © r e2 

does not contain r fcei . So g?(£4) = 0, or in other words, U k C Z 29+2fc_1 (/\ V). 

By Remark E2 we have p(V n ) = for all n > 5, where p: ( A V, d) — ► (H*(Af x ), 0) 
is the minimal model. As £4-1 C y 2 3+ 2fc ~ 4 ; we have p(Uk-i) = 0. Hence p(Uk) = 0, or 
in other words, U k C B 29+2k ~ 1 (/\ V). This is only possible if there exists £4 C V 29+2k ~ 2 
with C/jt = 14 ei and d: ?4 — —* Uk C £4-i • Therefore, the proof of statement (i) is 
complete by induction. 

Proof of (ii): We will show using induction on k > 1 that there exists a sub- 
representation 

Uk C V 29+2k+1 

with [4 = r fcei+e2 such that d(U k ) C £4-i ■ V 3 C V^ 2 * -1 . V 3 , where C/ C V 29+1 is 
the sub-representation of V 2a+1 = T © T e2 isomorphic to T e2 . 

For k = 1, note that d: U ^ q]_ 2 ■ A^V 3 . Sod: U ■ V 3 -> q]_ 2 ■ A^V 3 ■ V 3 , where 

a 2 v 3 ■ v 3 a 3 ^ 3 © 7 • r 3 s a 3 w c ®w c = r e3 © r ei . 

As U 9* r e2 , we conclude that 

u -v 3 u ®v 3 r e2 ©r ei 

contains a sub-representation U\ <Z Uq • V 3 with £4 = r ei+e2 and <i(£4) = 0. Working 
as in the proof of (i), this yields that there exists U\ C V 29+3 with U\ = r ei+e2 and 
d(Ut) = £4 C £/ Q • V 3 . 

Now assume that k > 2 and that there exists a sub-representation £4-i C V 29+ 21 
with t/fc_i = r (fc _ 1)ei+e2 such that d(£4_i) C £4-2 • ^ 3 C \/ 2 3+ 2fc -3 . y 3 . Then we have 
d(£4-i ■ l^ 3 ) C U k -2 ■ V 3 ■ V 3 . On one hand, 

u k -i ■ v 3 = t4_! © v 3 ^ r (fe _ 1)ei+e2 © r ei ; 
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so there exists Uk C Uk-i • V 3 with U k = r feei+e2 such that Uk C Uk-i • V 3 . On the other 
hand, 

u k -2 ■ v 3 ■ v 3 c c/jt-2 ® aV 3 =* r (fe _ 2)ei+e2 ® r e2 

does not contain r fcei+e2 . Therefore, <i(C4) = 0. Thus there exists Uk C V 2g+2k ~ 2 

with f/fc = r fcei+e2 and d: Uk Uk C U^-i ■ V 3 . This completes the proof of the 
theorem. □ 

From Theorem 17. II and Theorem 16.31 it follows that for each g > 2, the rational homo- 
topy group 7r n (jV"x) ®z C is nonzero for infinitely many n. As noted in the introduction, 
this means that the moduli space Mx is rationally hyperbolic for all g > 2. Therefore, 

dime Mx— 1 

/(A;) = dim7r fc+4 (A^)®zQ 

i=l 

grows faster than any polynomial in k. 

Remark 7.2. Let X be a smooth irreducible projective complex curve of genus g > 2. 
Whereas the minimal model of (H*(Afx,C),Q) has infinitely many n G N for which 
V n 0, the minimal model of the algebra (H}(Afx, C), 0) has a very different behavior. 
Actually, from eqn. (13. 5p we find that the minimal model of (Hj(J\fx, C), 0) is 

Z 3 ' 7> fi, fz, fs), d), dfc = q], df 2 = q 2 g , df 3 = q 3 ), 

where deg(a) = 2, deg(/3) = 4, deg(7) = 6, deg(/i) = 2g — 1, deg(/ 2 ) =2^ + 1 and 
deg(/ 3 ) = 2^ + 3. 

Acknowledgements. We are grateful to Aniceto Murillo for useful comments. The 
first -named author wishes to thank the Harish-Chandra Research Institute for its hos- 
pitality. The second-named author is partially supported through grant MCyT (Spain) 
MTM2004-07090-C03-01. 



References 

[1] M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Philos. Trans. 

Roy. Soc. London Ser. A 308 (1983), 523-615. 
[2] I. Biswas, Determinant bundle over the universal moduli space of vector bundles over the 

Teichmuller space, Ann. Inst. Fourier 47 (1997), 885-914. 
[3] A. Borel, Density properties for certain subgroups of semi-simple groups without compact 

components, Ann. of Math. 72 (1960), 179-188. 
[4] P. Deligne, Equations Difterentielles a Points Singuliers Reguliers, Lecture Notes in Math. 

163, Springer- Verlag, 1970. 
[5] P. Deligne, P. Griffiths, J. Morgan and D. Sullivan, Real homotopy theory of Kahler manifolds, 

Invent. Math. 29 (1975), 245-274. 
[6] Y. Felix, La dichotomie elliptique-hyperbolique en homotopie rationnelle, Asterisque 179 

Societe Mathematique de France, 1989. 



RATIONAL HOMOTOPY TYPE OF A MODULI SPACE 27 



[7] W. Fulton and J. Harris, Representation theory. A first course, Graduate Texts in Math. 

129. Springer- Verlag, 1991. 
[8] P. Griffiths and J. W. Morgan, Rational homotopy theory and differential forms, Progress in 

Math. 16, Birkhauser, 1981. 
[9] A. D. King and P. E. Newstead, On the cohomology ring of the moduli space of rank 2 vector 

bundles on a curve, Topology 37 (1998), 407-418. 
[10] J. E. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in 

Math. 9, Springer-Verlag, 1978. 
[11] V. Munoz, Quantum cohomology of the moduli space of stable bundles over a Riemann surface, 

Duke Math. Jour. 98 (1999), 525-540. 
[12] D. Mumford and P. E. Newstead, Periods of a moduli space of bundles on curves, Amer. 

Jour. Math. 90 (1968), 1200-1208. 
[13] M. S. Narasimhan and S. Ramanan, Moduli of vector bundles on a compact Riemann surface, 

Ann. of Math. 89 (1969), 14-51. 
[14] M. S. Narasimhan and C. S. Seshadri, Stable and unitary vector bundles on a compact Rie- 
mann surface, Ann. of Math. 82 (1965), 540-567. 
[15] V. Navarro Aznar, Sur la connexion de Gauss-Manin en homotopie rationnelle, Ann. Sci. 

Ecolc Norm. Sup. 26 (1993), 99-148. 
[16] P. E. Newstead, Topological properties of some spaces of stable bundles, Topology 6 (1967), 

241-262. 

[17] P. E. Newstead, Stable bundles of rank 2 and odd degree over a curve of genus 2, Topology 
7 (1968), 205-215. 

[18] P. E. Newstead, Characteristic classes of stable bundles of rank 2 over an algebraic curve, 

Trans. Amer. Math. Soc. 169 (1972), 337-345. 
[19] P. E. Newstead, Introduction to moduli problems and orbit spaces, T.I.F.R. Lectures on 

Mathematics and Physics, 51, Narosa Publishing House, 1978. 
[20] B. Siebert and G. Tian, Recursive relations for the cohomology ring of moduli spaces of stable 

bundles, Turkish Jour. Math. 19 (1995), 131-144. 
[21] M. Thaddeus, C onf or mal field theory and the cohomology of the moduli space of stable bundles, 

Jour. Diff. Geom. 35 (1992), 131-150. 



School of Mathematics, Tata Institute of Fundamental Research, Homi Bhabha Road, 
Bombay 400005, India 

E-mail address: indranilOmath . tif r . res . in 

Departamento de Matematicas, CSIC, Serrano 113 bis, 28006 Madrid, Spain 

Facultad de Matematicas, Universidad Complutense de Madrid, Plaza de Ciencias 3, 
28040 Madrid, Spain 

E-mail address: vicente.munoz@imaff.cfmac.csic.es 



